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FINITE SUBGROUPS OF THE BIRATIONAL AUTOMORPHISM
GROUP ARE ‘ALMOST’ NILPOTENT OF CLASS AT MOST
TWO
ATTILA GULD
Abstract. We call a group G nilpotently Jordan of class at most c (c ∈ N) if
there exists a constant J ∈ Z+ such that every finite subgroup H ≦ G contains
a nilpotent subgroup K ≦ H of class at most c and index at most J .
We show that the birational automorphism group of a variety over a field of
characteristic zero is nilpotently Jordan of class at most two.
1. Introduction
Definition 1. A group G is called Jordan, solvably Jordan or nilpotently Jordan
of class at most c (c ∈ N) if there exists a constant J ∈ Z+ such that every finite
subgroup H ≦ G has a subgroup K ≦ H such that |H : K| ≦ J and K is Abelian,
solvable or nilpotent of class at most c, respectively.
Theorem 2. The birational automorphism group of a variety over a field of char-
acteristic zero is nilpotently Jordan of class at most two.
1.1. History. In the following discussion we shortly sketch the history of the ques-
tion of Jordan type properties in birational geometry over fields of characteristic
zero.
Research about investigating the Jordan property of the birational automorphism
group of a variety was initiated by J.-P. Serre ([Se09]) and V. L. Popov ([Po11]).
In [Se09] J.-P. Serre settled the problem for the Cremona group of rank two, while
in the articles [Po11],[Za15] V. L. Popov and Yu. G. Zarhin solved the question for
one and two dimensional varieties. They found that the birational automorphism
group of a curve or a surface is Jordan, save when the variety is birational to a
direct product of an elliptic curve and the projective line. This later case was ex-
amined in [Za15], where -based on calculations of D. Mumford- the author was able
to conclude that the birational automorphism group contains Heisenberg p-groups
for arbitrarily large prime numbers p. Hence it does not enjoy the Jordan property.
In [PS14] and [PS16] Yu. Prokhorov and C. Shramov made major contribu-
tions to the subject using the arsenal of the Minimal Model Program (MMP) and
assuming the result of the Borisov-Alexeev-Borisov (BAB) conjecture (which has
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later been verified in the celebrated article [Bi16] of C. Birkar; for a survey paper
on the work of C. Birkar and its connection to the Jordan property the interested
reader can consult with [Ke19]). Amongst many interesting results Yu. Prokhorov
and C. Shramov proved that the birational automorphism group of a rationally
connected variety and the birational automorphism group of a non-uniruled variety
is Jordan. To answer a question of D. Allcock, they also introduced the concept of
solvably Jordan groups, and showed that the birational automorphism group of an
arbitrary variety is solvably Jordan.
The landscape is strikingly similar in differential geometry. The techniques are
fairly different, still the results converge to similar directions. In the followings we
briefly review the history of the question of Jordan type properties of diffeomor-
phism groups of smooth compact real manifolds. (We note that there are many
other interesting setups which were considered by differential geometers; for a very
detailed account see the Introduction of [MR18].) As mentioned in [MR18], during
the mid-nineties É. Ghys conjectured that the diffeomorphism group of a smooth
compact real manifold is Jordan, and he proposed this problem in many of his
talks ([Gh97]). The case of surfaces follows from the Riemann-Hurwitz formula
(see [MR10]), the case of 3-folds are more involved. In [Zi14] B. P. Zimmermann
proved the conjecture for them using the geometrization of compact 3-folds (which
follows from the work of W. P. Thurston and G. Perelman). I. Mundet i Riera
also verified the conjecture for several interesting cases, like tori, projective spaces,
homology spheres and manifolds without zero Euler characteristic ([MR10],[MR16],
[MR18]).
However, in 2014, B. Csikós, L. Pyber and E. Szabó found a counterexample
([CPS14]). Their construction was remarkably analogous to the one of Yu. G.
Zarhin. They showed that if the manifold M is diffeomorphic to the direct prod-
uct of the two-sphere and the two-torus or to the total space of any other smooth
orientable two-sphere bundle over the two-torus, then the diffeomorphism group
contains Heisenberg p-groups for arbitrary large prime numbers p. Hence Diff(M)
cannot be Jordan. As a consequence, É. Ghys improved on his previous conjecture
and proposed the problem of showing that the diffeomorphism group of a com-
pact real manifold is nilpotently Jordan ([Gh15]). As the first trace of evidence,
I. Mundet i Riera and C. Saéz-Calvo showed that the diffeomorphism group of a
4-fold is nilpotently Jordan of class at most 2 ([MRSC19]). Their proof uses results
form the classification theorem of finite simple groups.
In summary, we have seen that the birational automorphism group of many
varieties are Jordan, however even amongst surfaces one can find a counterexample.
On the other hand, if we replace the Abelian property with the slightly weaker
solvability property, then the birational automorphism group of every variety enjoys
the solvably Jordan property. The picture is fairly similar in differential geometry
as well. These facts naturally raise the question that how much we can strengthen
the condition of solvability.
Motivated by these antecedents, in this article, we investigate the nilpotenly Jordan
property for birational automorphism groups of varieties.
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1.2. Description of the proof. In this section we briefly sketch the main ideas
of the proof.
At various points of the proof we are allowed to make birational modifications.
We can resolve singularities of varieties and we can resolve indeterminacies of ra-
tional maps. We are also allowed to replace a finite group (which acts on a variety)
by one of its subgroups of bounded index (if the bound on the index only depends
on the birational class of the variety).
Here we present an argument which omits technical issues, hence it is not precise,
however captures the core ideas behind our proof. (Here we will not include the
steps which replace a variety by one of its birational models, nor the steps which
replace the finite transformation group with one of its bounded index subgroups.)
Our argument is heavily inspired by the work of Yu. Prokhorov and C. Shramov on
the Jordan property of the birational automorphism groups of rationally connected
varieties ([PS16]). To be able to handle arbitrary varieties, we will consider the
MRC fibration (as the initial data) and carry out a relative version of the proof
which can be found in [PS16].
Let X be a variety and G be a finite subgroup of its birational automorphism group.
Without loss of generality we can assume that X is a complex variety (Lemma 8),
furthermore by regularization of finite group actions on varieties, we can assume
that G is a finite subgroup of the biregular automorphism group (Lemma 12).
In the rationally connected case Yu. Prokhorov and C. Shramov were able to find a
vector space on which G acts faithfully (via linear automorphisms). Than Jordan’s
theorem on linear groups finished their proof. In the general case, we will look for a
vector bundle on which G acts faithfully via vector bundle automorphisms in such
a way that the G-action descends to an Abelian group action on the base variety
of the vector bundle (Theorem 43). Hence we can consider the generic fibre of the
vector bundle. It is a vector space over the function field of the base variety, on
which G acts faithfully via semilinear automorphisms. Than we can finish our proof
by a Jordan type theorem on semilinear groups (Theorem 41).
Now we investigate how to find the aforementioned vector space and vector bun-
dle. By the help of the MMP, boundedness of Fano varieties and a technique to
find rationally connected fibrations (which was developed by C. D. Hacon and J.
McKernan in [HM07]) Yu. Prokhorov and C. Shramov found a proper (strictly
smaller dimensional) G-invariant rationally connected closed subvariety Y $ X .
Iterating this step, they found a G-fixed point (a zero dimensional G-invariant ra-
tionally connected variety) P ∈ X . The tangent space TP X provides the desired
vector space on which G acts faithfully. In the general case, let φ : X → Z be the
MRC fibration (Theorem 9). By the functoriality of the MRC fibration, there is
an induced G-action on Z, which makes φ G-equivariant (Corollary 11). The base
Z is non-uniruled, hence its birational automorphism group is Jordan by another
important theorem of Yu. Prokhorov and C. Shramov ([PS14]). So we can assume
that the G-action on Z is Abelian. By the MMP, boundedness of Fano varieties and
the technique to find rationally connected fibrations, we are able to find a proper
G-invariant closed subvariety Y $ X with the following property. There exist a
variety W endowed with an Abelian G-action (where the G-action on W derives
from the G-action on Z), and a G-equivariant dominant morphism Y → W which
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has rationally connected general fibres (Lemma 30). Iterating this step (Lemma
38), we find a proper G-invariant subvariety Y0 $ X , a variety W0 endowed with
an Abelian G-action and a G-equivariant morphism Y0 → W0 such that the gen-
eral fibres of the morphism are zero dimensional rationally connected varieties, i.e.
rational points. Hence Y0 is birational to W0, hence the G-action on Y0 is Abelian.
Taking the normal bundle of Y0 $ X results the vector bundle which we look for
(Lemma 40).
Going backwards in the proof, now we sketch how to find the proper subvariety
Y . As usual let us first study the case when X is rationally connected. By the
help of the MMP we can find a G-equivariant dominant rational map h : X 99K F ,
where F is a positive dimensional Fano variety and h has rationally connected fi-
bres, moreover h can be written as a composite of steps of the MMP, i.e. as a
composite of divisorial contractions, flips and Mori fibrations. Using boundedness
of Fano varieties and Jordan’s theorem on linear groups, we can find a G-invariant
fixed point Q ∈ F . By the technique which finds rationally connected fibrations we
can pull back this zero dimensional proper rationally connected closed subvariety
Q ∈ F to a proper G-invariant rationally connected closed subvariety Y $ X . Now
consider the general case. Let φ : X → Z be the MRC fibration. The generic fibre
of φ is rationally connected and the base Z is non-uniruled. Therefore both of them
has Jordan birational automorphism groups. Hence we can assume that, there is a
normal Abelian subgroup N EG such that the quotient group G/N is Abelian, and
N acts trivially on Z (i.e. the G-action on Z descends to the Abelian G/N -action).
(See Theorem 27.) By the help of the MMP we can find a G-equivariant Mori fibra-
tion F → B such that N acts trivially on the base B and non-trivially on the total
space F (Lemma 28). Moreover there is a dominant rational map h : X 99K F ,
with rationally connected fibres, which can be written as a composite of steps of
the MMP, i.e. as a composite of divisorial contractions, flips and Mori fibrations.
Using boundedness of Fano varieties and Jordan’s theorem on linear groups, we
can find a G-invariant proper subvarietyW $ F on which N acts trivially (Lemma
29). By the technique which finds rationally connected fibrations we can find a
proper closed G-invariant subvariety Y $ X and a G-equivariant dominant mor-
phism Y → W which has rationally connected general fibres (Lemma 30). This
finishes the proof.
In the actual proof there are some technical difficulties which we need to handle.
Because of the MMP we lose smoothness of varieties, however taking the normal
bundle works for smooth closed subvarieties of smooth ambient varieties. Also
because of the MMP we only get rational maps instead of morphisms. We can solve
these issues by frequently resolving singularities of varieties and indeterminacies of
rational maps. To avoid some of these problems, we do not require Y to be a
smooth subvariety of X . Instead we will consider varieties and vector bundles over
them, where G acts faithfully on the vector bundle (Lemma 38). This models well
enough normal bundles for our purposes.
1.3. Structure of the article. The article is organized in the following way. In
Section 2 we recall some definitions and theorems, which are essential to carry out
our proof. In Section 3 we collect and prove results about finite group actions on
varieties. Section 4 is the main body of the paper, we describe the construction of
the vector bundle from the MRC fibration. Section 5 deals with the proof of the
THE BIRATIONAL AUTOMORPHISM GROUP IS NILPOTENTLY JORDAN 5
Jordan-type theorem on semilinear groups. Finally, in Section 6 we prove our main
theorem.
1.4. Acknowledgements. The author is very grateful to E. Szabó for many help-
ful discussions. The author would like to thank C. Shramov for drawing his atten-
tion to Chermak-Delgado theory.
2. Preliminaries
2.1. Nilpotent groups. We recall the definition of nilpotent groups and some of
the basic properties of nilpotent groups of class at most two.
Definition 3. Let G be a group. Let Z0(G) = 1 and define Zi+1(G) as the preimage
of Z(G/Zi(G)) under the natural quotient group homomorphism G → G/Zi(G)
(i ∈ N). The series of groups 1 = Z0(G) ≦ Z1(G) ≦ Z2(G) ≦ ... is called the upper
central series of G.
Let γ0(G) = G and let γi+1(G) = [γi(G), G] (i ∈ N, and [, ] denotes the commutator
operation). The series of groups G = γ0(G) ≧ γ1(G) ≧ γ2(G) ≧ ... is called the
lower central series of G.
G is called nilpotent if one (hence both) of the following equivalent conditions hold:
• There exists m ∈ N such that Zm(G) = G.
• There exists n ∈ N such that γn(G) = 1.
If G is a nontrivial nilpotent group, then there exists a natural number c for which
Zc(G) = G, Zc−1(G) 6= G and γc(G) = 1, γc−1(G) 6= 1 holds. c is called the
nilpotency class of G. (If G is trivial, then its nilpotency class is zero.)
Remark 4. Note that Z1(G) is the centre of the group G, while γ1(G), also denoted
by G′ or by [G,G], is the commutator subgroup. A non-trivial group G is nilpotent
of class one if and only if it is Abelian.
Nilpotency is the property between the Abelian and the solvable properties. The
Abelian property implies nilpotency, while nilpotency implies solvability.
Remark 5. Typical examples of nilpotent groups are finite p-groups (where p is a
prime number). If we restrict our attention to finite nilpotent groups, even more
can be said. (Recall that a Sylow p-subgroup of a finite group is a maximal p-group
contained in the group.) A finite group is nilpotent if and only if it is the direct
product of its Sylow subgroups (Theorem 6.12 in [CR62]).
The following propositions describes some features of nilpotent groups of class
at most two.
Proposition 6. A group is nilpotent of class at most two if and only if it is a
central extension of two Abelian groups.
Proposition 7. Let G be a nilpotent group of class at most two. Let g ∈ G be an
arbitrary fixed element. The maps ϕg and ψg defined by the help of the commutators
with the fixed element g
ϕg : G→ [G,G]
x 7→ [x, g]
ψg : G→ [G,G]
x 7→ [x, g]
give group homomorphisms.
THE BIRATIONAL AUTOMORPHISM GROUP IS NILPOTENTLY JORDAN 6
2.2. Reduction to the field of the complex numbers. We show that it is
enough to prove Theorem 2 over the field of the complex numbers.
Lemma 8. It is enough to prove Theorem 2 over the field of the complex numbers.
Proof. Let k be a field of characteristic zero and X be a variety over k. First assume
that X is geometrically integral. We can fix a finitely generated field extension l0|Q
and an l0-variety X0 such that X ∼= X0 ×l0 Spec k. Fix a field embedding l0 →֒ C
and let X∗ ∼= X0 ×l0 SpecC. For an arbitrary finite subgroup G ≦ Bir(X) we can
find a finitely generated field extension l1|l0 such that the elements of G can be
defined as birational transformations over the field l1. Hence G ≦ Bir(X1), where
X1 ∼= X0 ×l0 Spec l1. We can extend the fixed field embedding l0 →֒ C to a field
embedding l1 →֒ C. Therefore X∗ ∼= X0 ×l0 SpecC ∼= X1 ×l1 SpecC, and we can
embed G into the birational automorphism group of the complex variety X∗. As
the birational class of the complex variety X∗ only depends on the birational class
of the variety X , it is enough to examine complex varieties. This proves the lemma
when X is geometrically integral.
If X is not geometrically integral, then it is still geometrically reduced as we work
in characteristic zero. We can still construct the l0-variety X0, the l1-scheme X1
and the complex scheme X∗. Therefore G ≦ Bir(X) embeds into Bir(X∗) just like
in the geometrically integral case. There exists a constant only depending on the
birational class of X such that X∗ has C many irreducible components. Therefore
a finite subgroup H ≦ G of index at most C! leaves all irreducible components of
X∗ invariant. Hence H has a nilpotent subgroup of class at most two of bounded
index by the complex case. The bound on the index only depends on the birational
classes of the components of X∗, hence it only depends on the birational class of X .
Therefore G has a nilpotent subgroup of class at most two of bounded index, where
the bound on the index only depends on the birational class of X . This finishes the
proof. 
2.3. Maximal Rationally Connected fibration. We recall the concept of the
maximal rationally connected fibration. For a detailed treatment see Chapter 4 of
[Ko96], for the non-uniruledness of the basis see Corollary 1.4 in [GHS03].
Theorem 9. Let X be a smooth proper complex variety. The pair (Z, φ) is called
the maximal rationally connected (MRC) fibration if
• Z is a complex variety,
• φ : X 99K Z is a dominant rational map,
• there exist open subvarieties X0 of X and Z0 of Z such that φ descends to
a proper morphism between them φ0 : X0 → Z0 with rationally connected
fibres,
• if (W,ψ) is another pair satisfying the three properties above, then φ can be
factorized through ψ. More precisely, there exists a rational map τ :W 99K
Z such that φ = τ ◦ ψ.
The MRC fibration exists and is unique up to birational equivalence. Moreover the
basis Z is non-uniruled.
The MRC fibration is functorial, that is the content of the following theorem
(Theorem 5.5 of Chapter 4 in [Ko96]).
Theorem 10. Let X1 and X2 be smooth proper complex varieties. Let the pairs
(Z1, φ1) and (Z2, φ2) be the corresponding MRC fibrations. If f : X1 99K X2 is a
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dominant rational map, then there exists a dominant rational map g : Z1 99K Z2
making the diagram below commutative.
X1
f
//❴❴❴
φ

✤
✤
✤ X2
φ2

✤
✤
✤
Z1
g
//❴❴❴ Z2
The following claim is an immediate corollary. It states that, if X is endowed
with a G-action, then there is an induced G-action on Z.
Corollary 11. Let X be a smooth proper complex variety and (Z, φ) be the corre-
sponding MRC fibration. The birational automorphism group Bir(X) acts on Z via
birational automorphisms and φ is Bir(X)-equivariant.
2.4. Regularization. The next lemma is a slight extension of the well-known
(smooth) regularization of finite group actions on varieties (Lemma-Definition 3.1
in [PS14]). Because of this lemma, we can study finite birational group actions by
the help of finite biregular group actions.
Lemma 12. Let
• G be a finite group,
• X and Z be projective varieties over a field of characteristic zero endowed
with (not necessarily faithful) G-actions via birational automorphisms,
• φ : X 99K Z be a dominant G-equivariant rational map,
then there exist
• smooth projective varieties X∗ and Z∗ endowed with (not necessarily faith-
ful) G-actions via biregular automorphisms, such that
• X∗ is G-equivariantly birational to X,
• Z∗ is G-equivariantly birational to Z, moreover there exists
• a dominant G-equivariant morphism φ∗ : X∗ → Z∗ , such that the G-
equivariant diagram below is commutative.
X
∼
//❴❴❴
φ

✤
✤
✤ X
∗
φ∗

Z
∼
//❴❴❴ Z∗
Proof. Let k(Z) ≦ k(X) be the field extension corresponding to the function fields
of Z and X , induced by φ. Take the induced G-action on this field extension
and let k(Z)G ≦ k(X)G be the field extension of the G-invariant elements. Con-
sider a projective model of it, i.e. let X1 and Z1 be projective varieties such that
k(X1) ∼= k(X)
G and k(Z1) ∼= k(Z)G, furthermore let ̺1 : X1 → Z1 be a (projec-
tive) morphism inducing the field extension k(Z1) ∼= k(Z)G ≦ k(X)G ∼= k(X1).
By normalizing X1 in the function field k(X) and Z1 in the function field k(Z) we
get projective varieties X2 and Z2, moreover ̺1 induces a G-equivariant morphism
̺2 : X2 → Z2 between them.
As the next step, we can take a G-equivariant resolution of singularities Z˜2 → Z2.
After replacing Z2 by Z˜2 we can G-equivariantly resolve the indeterminacies of
X2 99K Z2, hence we can assume that Z2 is smooth. Hence G-equivariantly resolv-
ing the singularities of X2 finishes the proof. 
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2.5. The Minimal Model Program. Applying the results of the famous article
by C. Birkar, P. Cascini, C. D. Hacon and J. McKernan ([BCHM10]) enables us to
use the arsenal of the Minimal Model Program. As a consequence, we can examine
rationally connected fibrations by the help of Fano fibrations. For the later we
can use boundedness results because of yet another famous theorem by C. Birkar
([Bi16]). (This theorem was previously known as the BAB Conjecture).
Let X be a variety and G be a group acting on X via biregular automorphisms.
Recall that X is called GQ-factorial, if every G-invariant Q-divisor on X is Q-
Cartier.
Theorem 13. Let
• G be a finite group,
• X be a smooth projective complex variety endowed with a (not necessarily
faithful) G-action via biregular automorphisms,
• Z be a normal projective complex variety endowed with a (not necessarily
faithful) G-action via biregular automorphisms,
• let dimX > dimZ, and
• let φ : X → Z be a G-equivariant dominant morphism with rationally
connected general fibres.
Then, we can run a G-equivariant Minimal Model Program (MMP) on X relative
to Z which results a Mori fibre space. In particular, the Minimal Model Program
gives a G-equivariant commutative diagram
X
∼
//❴❴❴
φ
  ❅
❅❅
❅❅
❅❅
❅ F
//

B
⑦⑦
⑦⑦
⑦⑦
⑦⑦
Z
• where F and B are normal projective complex varieties endowed with (not
necessarily faithful) G-actions via biregular automorphisms,
• F is GQ-factorial,
• F has terminal singularities,
• X
∼
99K F is a G-equivariant birational automorphism,
• dimX = dimF > dimB,
• the general fibres of F → B are Fano varieties with terminal singularities.
Proof. By Corollary 1.3.3 of [BCHM10], we can run a relative MMP on φ : X → Z
(which results a Mori fibre space) if the canonical divisor of X is not φ-pseudo-
effective. It can be done equivariantly if we have finite group actions. (See Section
2.2 in [KM98] and Section 4 of [PS14] for further discussions on the topic.)
By generic smoothness, a general fibre of φ is positive dimensional smooth rationally
connected projective complex variety. Therefore if x is a general closed point of
a general fibre F , then there exists a rational curve Cx running through x, lying
entirely in the fibre F , which is a free rational curve of the variety F (Theorem
1.9 of Chapter 4 in [Ko96]). Since Cx is a free rational curve Cx.KF ≦ −2. As
F is a general fibre, by adjunction, we have Cx.KX = Cx.KF ≦ −2. Since the
inequality holds for every general closed point of every general fibre, KX cannot be
φ-pseudo-effective. 
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If X and Z are complex varieties (possibly with mild singularities) such that
dimX = dimZ, and f : X → Z is a dominant morphism between them with
rationally connected general fibres, then the general fibres must be rational points,
hence X and Z are birational. In this case, we can also run a relative MMP on X
over Z. It results a variety which is isomorphic to Z.
Lemma 14. Let
• X and Z be normal projective complex varieties, such that
• Z has terminal singularities,
• let f : X → Z be a birational morphism, such that
• the canonical divisor KX is f -nef.
Then f is small, i.e. its exceptional locus has codimension at least two.
Proof. Let E1, E2, ..., En be the exceptional prime divisors of f . Since Z has termi-
nal singularities KX = f∗KZ +
∑n
i=1 aiEi, where KZ is the canonical divisor of Z
(such that f∗KX = KZ), and ai ∈ R+ (∀1 ≦ i ≦ n). Let E =
∑n
i=1 aiEi. Clearly
0 ≦ E.
Let C j X be an arbitrary curve contracted by f . Then 0 ≦ KX .C = f∗KZ .C +
E.C = E.C, as KX is nef over Z. Let D = −E. By the above inequality, −D
is f -nef, moreover f∗(D) = 0. Hence by the Negativity Lemma (Lemma 4.15 in
[Bi12]) 0 ≦ D = −E. Therefore E = 0, so f has no exceptional prime divisors. In
other words, f is small. 
Theorem 15. Let
• G be a finite group,
• X be a smooth projective complex variety endowed with a (not necessarily
faithful) G-action via biregular automorphisms,
• Z be a normal projective complex variety endowed with a (not necessarily
faithful) G-action via biregular automorphisms, such that
• Z is GQ-factorial and has terminal singularities, moreover
• let φ : X → Z be a G-equivariant birational morphism.
Then either φ : X → Z is an isomorphism, or we can run a G-equivariant Minimal
Model Program (MMP) on X over Z. The MMP factorizes φ into a sequence of
G-equivariant flips and divisorial contractions. More precisely, the MMP results a
G-equivariant commutative diagram
X = X0
∼
//❴❴❴
φ
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
X1
∼
//❴❴❴
  ❆
❆❆
❆❆
❆❆
❆ ...
∼
//❴❴❴

Xn−1
∼
//❴❴❴
||③③
③③
③③
③③
Xn
ψ
vv❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧
Z,
where the birational maps are either flips or divisorial contractions and ψ : Xn → Z
is an isomorphism.
Proof. If φ is an isomorphism, then the proof is finished, so assume otherwise. By
a G-equivariant version of Corollary 1.4.2 of [BCHM10], we can run a relative G-
equivariant MMP on X over Z.
Clearly, it results a diagram of the form described by the theorem. We only need
to prove that ψ is an isomorphism. KXn is ψ-nef as the MMP terminates at Xn.
By Lemma 14, ψ is small. Hence ψ must be an isomorphism as Z is GQ-factorial
(and X and Z are projective). This finishes the proof. 
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2.6. Boundedness of Fano varieties. Fano varieties with mild singularities form
a bounded family. That was the long standing Borisov-Alekseev-Borisov conjecture,
which has been proved recently in the famous article by C. Birkar (Theorem 1.1 in
[Bi16]).
Theorem 16. Let d be a non-negative integer, and ǫ be a positive real number.
The collection formed by those at most d-dimensional complex projective varieties
X for which there exists an R-boundary divisor B such that
• (X,B) be is an ǫ-logcanonical pair,
• −(KX +B) is nef and big
is a bounded family.
In this article we will use the following corollary of this theorem. (Recall that ter-
minal singularities can be defined for varieties over arbitrary fields of characteristic
zero the same way as they are defined for complex varieties.)
Corollary 17. Let d be a non-negative integer. There exist positive integers m =
m(d), N = N(d) and E = E(d), only depending on d, such that if
• k is an arbitrary field of characteristic zero,
• F is an arbitrary at most d dimensional Fano variety over the ground field
k with terminal singularities,
then the following claims hold
• −mKF is very ample,
• dimk H
0(F,−mKF ) ≦ N ,
• the degree of the closed subvariety F j P(H0(X,−mKF )∗) is at most E.
Proof. Fix k and F with the properties described by the theorem. There exist
a finitely generated field extension l0|Q and a Fano variety F0 over l0 such that
F ∼= F0 ×l0 Spec k. Consider an embedding of fields l0 →֒ C, and let F1 ∼=
F0×l0 SpecC. Since complex Fano varieties with terminal singularities of bounded
dimension form a bounded family (Theorem16), we can bound all of their numer-
ical invariants simultaneously. Therefore there exist constants m = m(d), N =
N(d), E = E(d) ∈ N, only depending on d, such that m-th power of the anti-
canonical divisor embeds F1 into the at most (N − 1) dimensional complex pro-
jective space P(H0(X,−mKF1)
∗) with degree at most E. Since the m-th power
of the anticanonical divisor is defined over any field, this embedding is defined
over any field, in particularly over k. So F →֒ P(H0(X,−mKF )∗) is a closed em-
bedding of degree at most E. This, in particular, implies that −mKF is very
ample, dimk H
0(X,−mKF ) ≦ N and that the degree of the closed subvariety
F j P(H0(X,−mKF )∗) is at most E. This finishes the proof. 
3. Finite group actions on varieties
3.1. Jordan type properties of birational automorphism groups of vari-
eties. In this subsection we collect results about Jordan properties of birational
automorphism groups of rationally connected varieties and non-uniruled varieties.
The following theorem is amongst the most important results of the field. It is
due to Yu. Prokhorov and C. Shramov (Theorem 1.8 in [PS14] and Theorem 1.8
in [PS16]).
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Theorem 18. The birational automorphism groups of non-uniruled varieties and
rationally connected varieties (over fields of characteristic zero) enjoy the Jordan
property.
In case of rationally connected varieties we can formulate an even stronger the-
orem. We can find Jordan constants for all at most e dimensional rationally con-
nected varieties simultaneously (Theorem 1.8 in [PS16]). We also need to find
bounded index characteristic Abelian subgroups. We can achieve it by an easy
application of the beautiful Chermak-Delgado theory (Theorem 1.41 in [Is08]).
Theorem 19. Let G be a finite group. There exists a characteristic Abelian sub-
group M ≦ G such that for an arbitrary Abelian subgroup A ≦ G, we have the
following inequality of indices, |G :M | ≦ |G : A|2.
Theorem 20. Let e be a non-negative integer. There exists a constant R = R(e) ∈
Z+, only depending on e, such that if
• k is an arbitrary field of characteristic zero,
• X is an at most e dimensional rationally connected variety over the field k,
• G ≦ Bir(X) is an arbitrary finite subgroup of the birational automorphism
group of X,
then there exists
• a characteristic Abelian subgroup A ≦ G of index bounded by R, i. e.
|G : A| < R.
Proof. By Theorem 1.8 of [PS16] we can find an Abelian subgroup of bounded
index. Than by Theorem 19 we can find a characteristic Abelian subgroup of
bounded index. 
3.2. Bound on the minimal size of generating sets. Now we turn our atten-
tion on finding a bound on the minimal size of generating sets of finite subgroups
of the birational automorphism group of a variety. It will be important for us when
we investigate commutator relations (Lemma 25), and it is crucial to have a bound
on the size of a generating set of the group.
First we investigate the case of rationally connected varieties. To start with,
recall the theorem of Yu. Prokhorov and C. Shramov about fixed points of rationally
connected varieties (Theorem 4.2 of [PS14]).
Theorem 21. Let e be a non-negative integer. There exists a constant Q = Q(e) ∈
Z+, only depending on e, such that if
• X is rationally connected projective complex variety of dimension at most
e,
• G ≦ Aut(X) is an arbitrary finite subgroup of the biregular automorphism
group of X,
then there exists
• a subgroup H ≦ G such that H has a fixed point in X, and the index of H
in G is bounded by Q.
Now we can state the theorem for rationally connected varieties.
Theorem 22. Let e be a non-negative integer. There exists a constant m = m(e) ∈
Z+, only depending on e, such that if
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• k is an arbitrary field of characteristic zero,
• X is an at most e dimensional rationally connected variety over the field k,
• G ≦ Bir(X) is an arbitrary finite subgroup of the birational automorphism
group,
then G can be generated by m elements.
Proof. Fix k, X and G with the properties described by the theorem. Arguing as
in the proof of Lemma 8, we can assume that k is the field of the complex numbers.
Using Lemma 12, we can assume that X is smooth and projective and G is a finite
subgroup of the biregular automorphism group Aut(X).
By Theorem 21, we can assume that G has a fixed point in X . Denote it by P .
By Lemma 4 of [Po14], G acts faithfully on the tangent space of the fixed point P .
So G can be embedded into GL(TP X), whence G can be embedded into GL(e,C).
After applying Jordan’s theorem on general linear groups (Theorem 2.3 in[Br11])
to G ≦ GL(e,C), we can assume that G is Abelian, hence diagonalizable. Finite
diagonalizable subgroups of GL(e,C) can be generated by e elements. This finishes
the proof. 
The next theorem and its proof are essentially due to Y. Prokhorov and C.
Shramov. (We use the word essentially as they only considered the case of finite
Abelian subgroups (Remark 6.9 of [PS14]).)
Theorem 23. Let X be a smooth projective complex variety. Let the pair (Z, φ)
be its MRC fibration, and let e = dimX − dimZ be the relative dimension. There
exists a constant m = m(e, Z) ∈ Z+, only depending on e and on the birational
class of Z, such that if G ≦ Bir(X) is an arbitrary finite subgroup of the birational
automorphism group of X, then G can be generated by m elements.
Proof. We have already studied the rationally connected case (Theorem 22). As
the next step, we show the theorem in the special case when X is non-uniruled.
(Note that in this case the MRC fibration consists of the variety X and the identity
morphism). By Remark 6.9 of [PS14], there exists a constantm = m(X) ∈ Z+, only
depending on the birational class ofX , such that if A ≦ Bir(X) is an arbitrary finite
Abelian subgroup of the birational automorphism group, then A can be generated
by m elements. Since Bir(X) is Jordan when X is non-uniruled (Theorem 18), the
result on the finite Abelian groups implies the claim of the theorem in the case
when X is non-uniruled.
Now let X be arbitrary. Consider the MRC fibration φ : X 99K Z. By Lemma 12
we can assume that both X and Z are smooth projective varieties, and G acts on
them by biregular automorphisms. Let ρ be the generic point of Z, and let Xρ be
the generic fibre of φ. Xρ is a rationally connected variety over the function field
k(Z), while Z is a non-uniruled complex variety.
Let Gρ ≦ G be the maximal subgroup of G acting fibrewise. Gρ has a natural
faithful action on Xρ, while G/Gρ = GZ has a natural faithful action on Z. This
gives a short exact sequence of finite groups
1→ Gρ → G→ GZ → 1.
By the rationally connected case there exists a constant m1(e), only depending
on e, such that Gρ can be generated by m1(e) elements. By the non-uniruled
case there exists a constant m2(Z), only depending on the birational class of Z,
THE BIRATIONAL AUTOMORPHISM GROUP IS NILPOTENTLY JORDAN 13
such that GZ can be generated by m2(Z) elements. So G can be generated by
m(e, Z) = m1(e) +m2(Z) elements. This finishes the proof. 
3.3. Almost Abelian-by-Abelian group extensions. The MRC fibration splits
an arbitrary fixed variety into two parts: a non-uniruled base and a rationally con-
nected generic fibre. Both non-uniruled and rationally connected varieties have
Jordan birational automorphism groups. These facts are reflected in the structure
of the finite subgroups of the birational automorphism group of the fixed variety.
After replacing a finite subgroup G of the birational automorphism group by a
bounded index subgroup G1, we can find an Abelian normal subgroup (in G1)
which acts fibrewise and whose quotient is Abelian. In short, up to bounded index,
a finite subgroup is an Abelian-by-Abelian group extension, where the normal sub-
group acts fibrewise hence the action of the quotient group descends to an action
on the base.
Before proving the main theorem of the subsection, we need to make some group
theoretic preparations.
Lemma 24. Let R be positive integer. There exists a constant C = C(R) ∈ N,
only depending on R, such that if
1→ N → G→ H → 1
is a short exact sequence of finite groups where
• N has at most R many elements and
• H is Abelian,
then there exists a subgroup G1 ≦ G whose index is bounded by C, i.e. |G : G1| < C,
and G1 is nilpotent of class at most two.
Proof. Let G1 be the centralizer group G1 = CG(N) = {g ∈ G| ng = gn ∀n ∈ N}.
G acts on N by conjugation, and the kernel of this action is G1. Therefore G/G1
embeds into the automorphism group of N which has cardinality at most R!. Hence
|G : G1| ≦ R!. It is clear by construction that G1 is the central extension of the
Abelian groups N ∩ G1 and Im(G1 → H). Hence G1 is nilpotent of class at most
two (Proposition 6). 
Lemma 25. Let R and m be positive integers. There exists a constant D =
D(R,m) ∈ N, only depending on R and m, such that if
• G is a nilpotent group of class at most two
• G can be generated by m elements,
• the cardinality of the commutator subgroup G′ = [G,G] is at most R, i.e.
|G′| < R,
then G has an Abelian subgroup A ≦ G whose index is bounded by D.
Proof. Fix a generating system g1, ..., gm ∈ G. Consider the group homomorphisms
ϕi : G→ G
′
g 7→ [g, gi],
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where 1 ≦ i ≦ m (Proposition 7), i.e. for every generator we assign a group
homomorphism using the commutator. Let A be the intersection of the kernels.
A =
⋂
1≦i≦m
Kerϕi
Using the fact that for a nilpotent group of class at most two the commutators give
group homomorphisms in both variables if we fix the other variable (Proposition
7), one can show that all commutators of A vanish. Hence A is Abelian.
On the other hand A is the intersection of m subgroups of index at most |G′| ≦ R.
Hence the index of A is bounded in terms of R and m. This finishes the proof. 
Lemma 26. Let R and m be positive integers. There exists a constant E =
E(R,m) ∈ N, only depending on R and m, such that if
1→ N → G→ H → 1
is a short exact sequence of finite groups where
• N has at most R many elements,
• H is Abelian, and
• every subgroup of G can be generated by at most m elements,
then G has an Abelian subgroup G1 ≦ G whose index is bounded by E.
Proof. By Lemma 24, after replacing G with CG(N), N with N ∩ CG(N) and
H with the image group Im(CG(N) → H), we can assume that G is the central
extension of the Abelian groups N and H . Therefore G is nilpotent of class at most
two, and we can apply the previous lemma. Indeed G/N is Abelian, hence G′ ≦ N ,
therefore |G′| ≦ |N | ≦ R. This finishes the proof. 
Now we are ready to prove the main theorem of the subsection.
Theorem 27. Let X be a smooth projective complex variety. Let the pair (Z, φ) be
the MRC fibration of X and e = dimX − dimZ be the relative dimension. There
exists a constant E = E(e, Z) ∈ Z+, only depending on e and the birational class
of Z, such that if
• G ≦ Bir(X) is an arbitrary finite subgroup of the birational automorphism
group of X,
then there exists
• a subgroup G1 ≦ G with index bounded by E, i.e. |G : G1| < E, such that
• G1 contains an Abelian normal subgroup N1 EG1, such that
• N1 acts trivially on the non-uniruled base Z; furthermore
• the quotient group G1/N1 is Abelian.
Proof. By Lemma 12 we can assume that both X and Z are smooth projective
varieties, and G acts on them by biregular automorphisms. Let ρ be the generic
point of Z, and let Xρ be the generic fibre of φ. Xρ is a rationally connected variety
over the function field k(Z), while Z is a non-uniruled complex variety.
Let Gρ ≦ G be the maximal subgroup of G acting fibrewise. Gρ has a natural
faithful action on Xρ, while G/Gρ = GZ has a natural faithful action on Z. This
gives a short exact sequence of finite groups
1→ Gρ → G→ GZ → 1.
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By Theorem 18 there exists a constant S = S(Z), only depending on the birational
class of Z, such that GZ contains an Abelian subgroup AZ of index bounded by S.
After replacing GZ by AZ , G by the preimage of AZ , and Gρ by the intersection
of the preimage of AZ and Gρ, we can assume that GZ is Abelian.
By Theorem 20 there exists a constants R = R(e), only depending on e, such that
Gρ contains a characteristic Abelian subgroup N E Gρ of index bounded by R.
Since N is characteristic in Gρ, and Gρ is normal in G, N is a normal subgroup of
G. Consider the short exact sequence
1→ Gρ → G→ GZ → 1,
where Gρ = Gρ/N and G = G/N . The cardinality of Gρ is bounded by R, while GZ
is Abelian. Moreover Theorem 23 show us that there exists a constantm = m(e, Z),
only depending on e and the birational class of Z, such that every finite subgroup
of G can be generated by m elements. Therefore, by Lemma 26, there exists a
constant E = E(R,m) = E(e, Z), only depending on e and the birational class of
Z, such that G contains an Abelian subgroup H of index bounded by E. Let G1
be the preimage of H in G.
The data E1 = SE,N1 = N ∩G1, G1 satisfies the claim of the lemma. This finishes
the proof. 
4. Building a vector bundle from the MRC fibration
The core result of this section is Lemma 37. Given the data X,Z,EX → X, f :
X → Z,G,N it returns the data Y,W,EY → Y, g : Y → W,G0, N0. It starts with
a vector bundle EX over X endowed with a faithful action of a finite group G, a
G-equivariant dominant morphism f : X → Z of smooth projective complex vari-
eties, such that f has rationally connected general fibres, and an Abelian normal
subgroup N E G which acts trivially on Z and non-trivially on X . The lemma
results a similar kind of data, however it lowers the dimension of the base variety
of the vector bundle: dimX > dimY . Moreover dimEX = dimEY (i.e. the di-
mensions of the total spaces of the vector bundles are equal), G0 ≦ G is a subgroup
of bounded index, N0 = G0 ∩N , and the lemma allows the N0-action on Y to be
trivial.
We will apply this result repeatedly with initial dataX,Z,X ∼= X,φ : X → Z,G,N ,
where (Z, φ) is the MRC fibration of X (after performing a smooth regularization,
Lemma 12) and X ∼= X is the vector bundle with zero dimensional linear spaces as
fibres. We will end up with a G0-equivariant vector bundle EY → Y , where G0 ≦ G
is a (finite) subgroup of bounded index. Furthermore, G0 acts faithfully via vector
bundle automorphisms on EY , and the G0-action on Y descends to the action of
G0/N0, where N0 = G0 ∩N is the corresponding normal subgroup (Lemma 40).
Additionally, after replacing G and N by G1 and N1 from Theorem 27 in the initial
data, we can assume that the G0/N0-action is Abelian (Theorem 43).
The proof of Lemma 37 consist of four major steps. First, by the help of the G-
equivariant relative MMP on X over Z we find a Mori fibration F → B, such that
N acts on F non-trivially, and N acts on B trivially. Moreover, after replacing X
by another smooth birational model, we have a dominant morphism X → F with
rationally connected general fibres (Lemma 28).
Secondly, by the help of boundedness of Fano varieties and Jordan’s theorem
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on linear groups, we find a bounded index subgroup G0 ≦ G, and a proper
G0-invariant closed subvariety W $ F on which N0 = N ∩ G0 acts trivially
(Lemma 29).
As the third step, we use Lemma 31 (which describes a technique to build rationally
connected fibrations) to find a proper G0-invariant closed subvariety Y $ X and
a G0-equivariant dominant morphism Y →W with rationally rationally connected
general fibres (Lemma 30).
Finally, we use the normal bundle ν(Y $ EX) and resolution of singularities and
indeterminacies to finishes the proof of Lemma 37.
We start with showing the existence of the required Mori fibration F → B. Our
main tool for this is the MMP.
Lemma 28. Let
• G be a finite group,
• X and Z be smooth complex varieties endowed with (not necessarily faithful)
G-actions via biregular automorphisms,
• N E G be a normal Abelian subgroup such that N acts trivially on Z, i.e.
the G-action on Z descends to a G/N -action,
• f : X → Z be a G-equivariant dominant morphism with rationally con-
nected general fibres,
then, either
• N acts trivially on X, i.e. the G-action on X descends to a G/N -action,
or there exists
• a smooth projective complex variety X0, such that
• X0 is endowed with a (not necessarily faithful) G-action via biregular au-
tomorphisms; moreover there exists
• a G-equivariant dominant birational morphism X0 → X; furthermore there
exists
• a normal projective complex variety F , such that
• F is endowed with a (not necessarily faithful) G-action via biregular auto-
morphisms, such that N ≦ G acts non-trivially on F ,
• F is GQ-factorial and has terminal singularities; moreover there exist
• a dominant G-equivariant morphism f0 : X0 → F with rationally connected
general fibres,
• a normal projective complex variety B, such that
• B is endowed with a (not necessarily faithful) G-action via biregular auto-
morphisms, such that N ≦ G acts trivially on B, i.e. the G-action on B
descends to a G/N -action,
• dimB < dimF ; moreover there exists
• a dominant G-equivariant morphism h : F → B whose general fibres are
Fano varieties (with terminal singularities).
Proof. Fix Z, G and N . We apply induction on the relative dimension e = dimX−
dimZ. If e = 0 then the general fibres of f : X → Z are zero dimensional rationally
connected varieties, hence they are rational points. This implies thatX is birational
to Z. Therefore N acts trivially on X . This finishes the proof of the case when
e = 0. So let e > 0.
If N acts trivially on X , then the proof is finished, so assume otherwise. Since the
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general fibres of f are rationally connected varieties and X is smooth, we can run a
G-equivariant MMP on X over Z (Theorem 13). It stops at a G-equivariant Mori
fibre space over Z. Therefore we have a commutative G-equivariant diagram
X
∼
//❴❴❴
  ❅
❅❅
❅❅
❅❅
❅ F1
//

B1
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
Z,
where G acts via biregular automorphisms on the varieties, F1 is a normal, GQ-
factorial projective variety with terminal singularities, the rational map X 99K F1
is a birational automorphism, B1 is a normal projective variety such that dimB1 <
dimF1 = dimX , and the general fibres of the dominant morphism F1 → B1
are Fano varieties with terminal singularities. Moreover the dominant morphism
B1 → Z has rationally connected general fibres.
If N acts trivially on B1, then consider a smooth G-equivariant resolution of inde-
terminacies of X 99K F1
X0
∼
//
!!❇
❇❇
❇❇
❇❇
❇ X

✤
✤
✤
F1,
here X0 is a smooth projective complex variety endowed with a G-action, further-
more X0 → X is a G-equivariant dominant birational morphism. Hence the data
X0, X0
∼
→ X,F1, B1, X0 → F1 → B1 satisfies the conditions of the lemma. This
finishes the proof when N acts trivially on B1.
Otherwise let C1 → B1 be a G-equivariant resolution of singularities. We can apply
induction to the data G,C1, Z,N,C1 → Z, since the relative dimension drops, i.e.
dimC1 − dimZ = dimB1 − dimZ < dimX − dimZ. The induction results data
D1, D1
∼
→ C1, F2, B2, D1 → F2 → B2 with the properties satisfying the lemma (and
suggested by the notion). Once again we can finish the proof by G-equivariantly
and smoothly resolving the indeterminacies of X 99K D1. (Note that, by construc-
tion, the dominant morphism X0 → F2 has rationally connected general fibres.)
This finishes the proof. 
We continue with the lemma about the proper closed subvarietyW $ F (formed
by the fixed points of N0 ≦ N). Here we use the result of C. Birkar on boundedness
of Fano varieties.
Lemma 29. Let e be a positive integer. There exists a constant C = C(e) ∈ Z+,
only depending on e, such that, if
• G is a finite group,
• F and B are normal projective complex varieties endowed with (not neces-
sarily faithful) G-actions via biregular automorphisms,
• e ≧ dimF − dimB > 0 is the relative dimension,
• h : F → B is a G-equivariant dominant morphism whose general fibres are
Fano varieties with terminal singularities,
• N EG is an Abelian normal subgroup such that N acts non-trivially on F
and trivially on B,
then there exist
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• a subgroup G0 ≦ G such that its index is bounded by C, i.e. |G : G0| < C,
• a closed G0-invariant subvariety W $ F of X such that
• dimW < dimF , and
• N0 = G0 ∩N acts trivially on W , hence the G0-action on W descends to a
G0/N0-action.
Proof. Let ρ be the generic point of B, and let Fρ be the generic fibre of h. Fρ is
an at most e dimensional Fano variety with terminal singularities over the function
field k(B).
Consider the generic fibre Fρ. By boundedness of Fano varieties (see Corollary 17),
we can find constants E = E(e),m = m(e), N = N(e) ∈ Z+, only depending on
e, such that −mKFρ defines a closed embedding for which the closed subvariety
Fρ j P(H0(Fρ,−mKFρ)
⋆) has degree at most E and dimk(B)H
0(Fρ,−mKFρ) ≦ N .
Moreover, the biregular automorphism group AutFρ has a natural faithful linear
action on the vector space H0(Fρ,−mKFρ)
⋆, which makes the closed embedding
Fρ →֒ P(H0(Fρ,−mKFρ)
⋆) AutFρ -equivariant.
Let A be the image group Im(N → AutF ρ). By the above observation, A is an
Abelian group which acts faithfully via linear automorphisms on the closed subva-
riety Fρ j P(H0(Fρ,−mKFρ)
⋆).
Let V $ Fρ be the reduced closed subscheme formed by the fixed points of A.
(Note that dimV < dimF since A acts non-trivially on F .) As A acts linearly on
the closed subvariety Fρ j P(H
0(Fρ,−mKFρ)
⋆), V is the intersection of Fρ and
the union of at most N many linear spaces. Since the degree of F is at most E, V
has at most NE many components. Let C = (NE)! (clearly it only depends on e)
and let V1 be an arbitrary irreducible component of V endowed with the reduced
subscheme structure.
By the definition of A, the points of Fρ fixed by A are the same as the points of Fρ
fixed by N . Hence V is the closed subscheme formed by the fixed points of N . As
N is a normal subgroup of G, V is G-invariant. Hence G induces an action on the
components of V . Therefore there exists a subgroup G0 ≦ G with index bounded
by C = (NE)!, which fixes all components of V . In particular V1 is G0-invariant.
Let N0 = N ∩G0, clearly V1 is formed by fixed points of N0.
Let W be the closure of V1 in the complex variety F endowed with the reduced
scheme structure. Clearly dimW < dimF , and W is a G0-invariant closed subva-
riety of F formed by fixed points of N0. Hence the G0-action on W descends to a
G0/N0-action. This finishes the proof of the lemma. 
Now we construct the proper closed subvariety Y $ X and the dominant G-
equivariant morphism Y →W with rationally connected fibres.
Lemma 30. Let
• G0 be a finite group,
• X and F be normal projective complex varieties endowed with (not neces-
sarily faithful) G0-actions via biregular automorphisms, such that
• F is G0Q-factorial and has terminal singularities, moreover
• let f : X → F be a G0-equivariant dominant morphism with rationally
connected fibres,
• W $ F be a G0-invariant closed subvariety, such that dimW < dimF ,
then there exists
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• a closed subvariety Y $ X, such that
• dim Y < dimX,
• Y is G0-invariant,
• f restricts to a G0-equivariant dominant morphism from Y to W (i.e. f |Y :
Y →W is dominant) with rationally connected general fibres.
Y


//
f |Y

X
f

W 

// F
The main technical tool of this section is a lemma of Yu. Prokhorov and C.
Shramov (Lemma 3.4 of [PS16]). It is a G-equivariant version of the result of C.
D. Hacon and J. McKernan (Corollary 1.9 of [HM07]). It gives us a technique to
find rationally connected fibrations. We state the lemma below.
Lemma 31. Let
• G be a finite group,
• X1 and X2 be complex normal quasi-projective varieties endowed with (not
necessarily faithfully) G-actions via biregular automorphisms,
• X1 have Kawamata log terminal singularities,
• f : X1 → X2 be a G-equivariant dominant projective morphism with con-
nected fibres, such that
• the anticanonical bundle of X1 is f -ample, moreover
• let Y2 $ X2 be a G-invariant closed subvariety, such that dim Y2 < dimX2.
Then there exists a closed subvariety Y1 $ X1 such that
• dim Y1 < dimX1,
• Y1 is G-invariant,
• f restricts to a G-equivariant dominant morphism from Y1 to Y2, i.e. f |Y1 :
Y1 → Y2 is dominant,
• f |Y1 has rationally connected general fibres.
We will also need a technical result about composition of dominant morphisms
with rationally connected fibres. It is a simple consequence of Corollary 1.3 in
[GHS03].
Lemma 32. Let X,Y and Z be complex projective varieties. Let f : X → Y and
g : Y → Z be dominant morphisms between them with rationally connected general
fibres. Then the general fibres of g ◦ f : X → Z are rationally connected.
Lemma 33. Let
• G be a finite group,
• X1 and X2 be normal projective complex varieties endowed with (not nec-
essarily faithful) G-actions via biregular automorphisms,
• X1 have terminal singularities,
• F be a normal projective complex variety endowed with a (not necessarily
faithful) G-action via biregular automorphisms,
• h1 : X1 → F and h2 : X2 → F be G-equivariant dominant morphisms,
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• f : X1 99K X2 be a G-equivariant rational map such that the following
G-equivariant commutative diagram
X1
f
//❴❴❴
h1

X2
h2
}}④④
④④
④④
④④
F
is a step of a G-equivariant relative MMP over the base variety F , i. e. f
is either a Mori fibration, a flip or a divisorial contraction,
• W be a G-invariant closed subvariety of F ,
• Y2 $ X2 be a G-invariant closed subvariety, such that dimY2 < dimX2,
• moreover assume that, h2 restricts to a dominant G-equivariant morphism
from Y2 to W ( i.e. h2|Y2 : Y2 → W is dominant) such that the general
fibres of h2|Y2 are rationally connected.
Then there exists a closed subvariety Y1 $ X1 such that
• dim Y1 < dimX1,
• Y1 is G-invariant,
• h1 restricts to a dominant G-equivariant morphism from Y1 to W (i.e.
h1|Y1 : Y1 →W is dominant) with rationally connected general fibres.
Proof. Assume first that f is either a Mori fibration or a divisorial contraction.
Then we can apply Lemma 31 to get a G-invariant closed subvariety Y1 $ X1
which dominates Y2, and for which the fibres of f |Y1 : Y1 → Y2 are rationally
connected. Hence by Lemma 32 the dominant morphism h1|Y1 : Y1 → W has
rationally connected general fibres. This finishes the proof of the above cases.
If f is a flip then there is a normal projective variety X3 endowed with a G-action
over the base variety F , and we have a G-equivariant commutative diagram
X1
f
//❴❴❴
k1

X2
k2
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
h2
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌
X3
h3

F,
where k1 : X1 → X3 is a dominant G-equivariant (projective) morphism with
connected fibres, such that the anticanonical bundle of X1 is k1-ample. Moreover
h1 = h3 ◦ k1.
Let Y3 $ X3 be the scheme theoretic image of Y2 by the projective morphism
k2. (Note that dimY3 < dimX3 = dimX2.) Clearly Y2 is a G-invariant closed
subvariety, it dominates W , and the general fibres of h3|Y3 : Y3 →W are rationally
connected.
Using the G-invariant closed subvariety Y3 $ X3, we can apply Lemma 31 to get
a G-invariant closed subvariety Y1 $ X1 which dominates Y2, moreover for which
the general fibres of k1|Y1 : Y1 → Y3 are rationally connected. Hence by Lemma
32, the general fibres of the dominant morphism h1|Y1 : Y1 →W are also rationally
connected. This finishes the proof of the lemma. 
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Now we are ready to prove Lemma 30.
Proof of Lemma 30. First realize that it is enough to prove the lemma under the
extra assumption that X is smooth. Indeed, if X is not smooth, then we can G0-
equivariantly resolve the singularities of X . Let it be X1 → X . By the smooth
case, there exists Y1 $ X1 satisfying the conditions of the lemma for X1. Its scheme
theoretic image Y $ X will satisfy the conditions of the lemma for X .
We apply induction on the relative dimension e = dimX − dimF . Assume that
e = 0. By the observation above we can assume that X is smooth. Since the
general fibres of f are zero dimensional rationally connected varieties, i.e. rational
points, f is a birational morphism. If f is an isomorphism then the case is finished,
so assume otherwise. We can run a G-equivariant MMP on X over Z by Theorem
15. The MMP factorizes f into a sequence of G-equivariant flips and divisorial
contractions. Hence the last map of the MMP is of the form of
X1
m
//❴❴❴

X2
∼=
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
F,
where m is either a flip or a divisorial contraction, and X2 → F is an isomorphism.
We can use Lemma 33 and apply induction on the number of steps of the MMP.
The induction starts as the MMP stops at a variety isomorphic to F . So if the
MMP has one step, then we can apply Lemma 33 directly. This finishes the proof
when e = 0.
So let X be a smooth projective variety and assume that e > 0. We can run a G0-
equivariant MMP on (the smooth projective) variety X relative to F (by Theorem
13). It ends up at a Mori fibre space m : X1 → B.
X
∼
//❴❴❴
  ❇
❇❇
❇❇
❇❇
❇ X1
m
//

B
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
F
As B is a normal projective complex variety endowed with a G0-action such that
dimB < dimX , we can apply induction to B. (Note that B is not necessarily
smooth.) Therefore we can find a closed subvariety V $ B which satisfies the
conditions of the lemma. By Lemma 33, we can apply induction on the number of
steps of the MMP to pull back V $ B to Y $ X . This finishes the proof. 
We need to consider a couple of lemmas about G-equivariant vector bundles
before proving Lemma 37.
Lemma 34. Let X be a smooth complex variety, and let G ≦ Aut(X) be a subgroup
of its automorphism group. Let Y j X be a G-invariant closed subvariety of X.
Then the induced G-action on the normal bundle of Y , denoted by ν(Y j X), is
faithful.
Proof. The G-action on Y j X induces a G-action on the normal bundle, therefore
we only need to prove that it is faithful.
Let g ∈ G be an arbitrary group element, we will prove that the action of g on
ν(Y j X) cannot be trivial. If the action of g on Y is not trivial, then we have
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nothing to prove, so assume otherwise.
Let P ∈ Y j X be an arbitrary closed point of Y . Since the action of g on X is not
trivial, however it fixes the point P , g should act non-trivially on the tangent space
TP X (Lemma 4 of [Po14]). Since g acts trivially on the closed subvariety Y , the
action of g is trivial on TP Y . Putting these together, we can see that the action
of g on the normal space at the point P νP (Y j X) = TP X/TP Y is non-trivial.
Since g ∈ G is an arbitrary element, this finishes the proof. 
Definition 35. Let X be a variety, EX → X be a vector bundle over X and G
be a group. Assume that G acts on X (not necessarily faithfully) via biregular
automorphisms. We say that G acts on EX → X via vector bundle automorphisms
if the commutative diagram below is G-equivariant, i.e. the G-action on the total
space EX is compatible with the predescribed action on the base variety X ,
EX //

EX

X // X,
and G respects the vector bundle structure.
By dimEX we denote the dimension of the total space of the vector bundle, i.e.
dimEX = rkEX + dimX (where rkEX is the rank of the vector bundle).
Lemma 36. Let
• G be a group,
• X1 and X be projective varieties endowed with (not necessarily faithful)
G-actions via biregular automorphisms,
• f : X1 → X be a G-equivariant dominant morphism,
• EX → X be a vector bundle, on which G acts faithfully via vector bundle
automorphisms,
• EX1 → X1 be the vector bundle obtained by pulling back the vector bundle
EX → X along f : X1 → X.
EX1 //

EX

X1 // X
Then G acts faithfully on EX1 → X1 via vector bundle automorphisms.
Proof. Clearly G acts on EX1 → X1 G-equivariantly, via vector bundle automor-
phisms. EX1 → EX is surjective, as so does X1 → X . Hence the G-action on EX1
is faithful, as it is faithful on EX . 
As the next step, we finally prove the core result of the section, Lemma 37.
Lemma 37. Let d be a non-negative integer. There exists a constant C = C(d) ∈
Z+, only depending on d, such that, if
• G is a finite group,
• X and Z are smooth projective complex varieties endowed with (not neces-
sarily faithfully) G-actions via biregular automorphisms,
• d = dimX is the dimension of X, and dimX ≧ dimZ,
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• f : X → Z is a G-equivariant dominant morphism with rationally connected
general fibres,
• N E G is a normal Abelian subgroup such that N acts trivially on Z, i.e.
the G-action on Z descends to a G/N -action on Z,
• EX → X is a vector bundle, on which G acts faithfully via vector bundle
automorphisms (in such a way that the G-action is compatible with the
G-action on X),
then either
• N acts trivially on X, i.e. the G-action on X descends to a G/N -action
on X,
or there exists
• a subgroup G0 ≦ G such that its index is bounded by C, i.e. |G : G0| < C,
moreover there exist
• Y and W smooth projective complex varieties endowed with (not necessarily
faithful) G0-actions via biregular automorphisms, such that
• dim Y < d,
• N0 = G0 ∩N acts trivially on W , i.e. the G0-action on W descends to a
G0/N0-action, moreover, there exist
• a G0-equivariant dominant morphism g : Y →W with rationally connected
general fibres,
• a vector bundle EY → Y , on which G0 acts faithfully via vector bundle
automorphisms (in such a way that the G0-action is compatible with the
G0-action on Y ), moreover
• dimEY=dimEX , i.e. the dimension of the total space of the vector bundle
over Y is equal to the dimension of the total space of the vector bundle over
X.
Proof. We can assume that N acts non-trivially on X . Fix d,G,X,Z, f,N,EX as
in the lemma. By Lemma 28 we can find data X0, X0
∼
→ X,F,B,X0 → F →
B. By Lemma 36 the pullback of the vector bundle EX → X along X0 → X
results a vector bundle EX0 → X0 on which G acts faithfully via vector bundle
automorphisms. Replace X by X0 and EX by EX0 . By Lemma 29 we can find data
C,G0, N0,W . As the next step, by Lemma 30 we can pull backW to a proper closed
G0-invariant subvariety Y $ X such that Y → W is G0-equivariant, dominant
and has rationally connected general fibres. Therefore we have the following G0-
equivariant diagram.
EX

Y


//
f |Y

X
f

W 

// F
We left with the task to replace Y and W by smooth varieties, moreover we need
to establish a vector bundle over the smooth replacement of Y on which G0 acts
faithfully via vector bundle automorphisms.
First resolve G0-equivariantly the singularities of the closed subvariety Y $ X .
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This results a G0-equivariant commutative diagram
Y1


//
∼

X1
∼

Y


// X,
where Y1 and X1 are smooth varieties endowed with G0-actions via biregular auto-
morphisms, and the G0-equivariant morphisms Y1 → Y and X1 → X are dominant
and birational.
Let EX1 → X1 be the vector bundle over X1 obtained by pulling back the vec-
tor bundle EX → X . By Lemma 36 EX1 → X1 is a vector bundle on which
G0 acts faithfully via vector bundle automorphisms. Consider the normal bundle
ν(Y1 j EX1 ). By Lemma 34 G0 acts on ν(Y1 j EX1) faithfully via vector bundle
automorphisms. Clearly dim ν(Y1 j EX1 ) = dimEX1 = dimEX .
Let W2 → W be a G0-equivariant resolution of the singularities of W . We can G0-
equivariantly (and smoothly) resolve the indeterminacies of the dominant rational
map Y1 99KW2. This gives us the following G0-equivariant commutative diagram.
Y2

✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌✌
✌
Y1
}}⑤
⑤
⑤
⑤
W2 // W
Y2 → W2 is a G0-equivariant morphism of smooth projective varieties. Moreover
Y2 is G0-equivariantly birational to Y1, hence it is G0-equivariantly birational to
Y . In particular dimY2 < d. Also note that the general fibres of Y2 → W2 are
rationally connected varieties.
Let EY2 → Y2 be the pullback of the vector bundle ν(Y1 j EX1) → Y1 along the
morphism Y2 → Y1. By Lemma 36 G0 acts on EY2 → Y2 faithfully via vector
bundle automorphism.
The data C,G0, N0, Y2,W2, Y2 → W2, EY2 satisfies the claim of the lemma. This
finishes the proof. 
In the remaining of the section we apply Lemma 37 to build a vector bundle
with the desired properties.
Lemma 38. Let d be a non-negative integer. There exists a constant C = C(d) ∈
Z+, only depending on d, such that, if
• G is a finite group,
• X and Z are smooth projective complex varieties endowed with (not neces-
sarily faithfully) G-actions via biregular automorphisms,
• d = dimX is the dimension of X, and dimX ≧ dimZ,
• f : X → Z is a G-equivariant dominant morphism with rationally connected
general fibres,
• N E G is a normal Abelian subgroup such that N acts trivially on Z, i.e.
the G-action on Z descends to a G/N -action on Z,
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• EX → X is a vector bundle, on which G acts faithfully via vector bundle
automorphisms (in such a way that the G-action is compatible with the
G-action on X), and G respects the vector bundle structure,
then there exists
• a subgroup G0 ≦ G such that its index is bounded by C, i.e. |G : G0| < C,
• a smooth projective complex variety Y , such that
• G0 acts on Y via biregular automorphisms,
• N0 = G0 ∩ N acts trivially on Y , i.e. the G0-action on Y descends to a
G0/N0-action; moreover, there exists
• a vector bundle EY → Y , on which G0 acts faithfully via vector bundle
automorphisms (in such a way that the G0-action is compatible with the
G0-action on Y ), moreover
• dimEY = dimEX , i.e. the dimension of the total space of the vector bundle
over Y is equal to the dimension of the total space of the vector bundle over
X.
Proof. The lemma follows from Lemma 37 and induction on d. 
Lemma 39. Let d be a non-negative integer. There exists a constant C = C(d) ∈
Z+, only depending on d, such that, if
• X is a d dimensional complex variety,
• G ≦ Bir(X) is a finite subgroup of the birational automorphism group,
• Z is a complex variety endowed a with a (not necessarily faithful) G-action
via birational automorphisms,
• N E G is a normal Abelian subgroup such that N acts trivially on Z, i.e.
the G-action on Z descends to a G/N -action,
• f : X 99K Z is a G-equivariant dominant rational map with rationally
connected general fibres,
then there exists
• a subgroup G0 ≦ G such that its index is bounded by C, i.e. |G : G0| < C,
• a smooth projective complex variety Y , such that
• G0 acts on Y via biregular automorphisms,
• N0 = G0 ∩ N acts trivially on Y , i.e. the G0-action on Y descends to a
G0/N0-action; moreover, there exists
• a vector bundle EY → Y , on which G0 acts faithfully via vector bundle
automorphisms (in such a way that the G0-action is compatible with the
G0-action on Y ), furthermore
• dimEY = d = dimX, i.e. the dimension of the total space of the vector
bundle over Y is equal to the dimension of X.
Proof. Because of the lemma about smooth regularizations (Lemma 12), it is enough
to prove our lemma when X and Z are smooth projective varieties, G ≦ Aut(X)
is a finite subgroup of the biregular automorphism group of X , G acts on Z via
biregular automorphisms, and f is a dominant G-equivariant morphism. So we can
assume these extra conditions. We setup EX → X to be the vector bundle with
zero dimensional fibres, i.e. EX ∼= X . Then we can apply Lemma 38 to finish the
proof. 
Lemma 40. Let d be a non-negative integer. There exists a constant C = C(d) ∈
Z+, only depending on d, such that, if
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• X is a d dimensional smooth projective complex variety,
• G ≦ Bir(X) is a finite subgroup of the birational automorphism group,
• the pair (φ, Z) is the MRC fibration,
• N E G is a normal Abelian subgroup such that N acts trivially on Z, i.e.
the G-action on Z descends to a G/N -action,
then there exists
• a subgroup G0 ≦ G such that its index is bounded by C, i.e. |G : G0| < C,
• a smooth projective complex variety Y , such that
• G0 acts on Y via biregular automorphisms,
• N0 = G0 ∩ N acts trivially on Y , i.e. the G0-action on Y descends to a
G0/N0-action; moreover, there exists
• a vector bundle EY → Y , on which G0 acts faithfully via vector bundle
automorphisms (in such a way that the G0-action is compatible with the
G0-action on Y ), furthermore
• dimEY = d = dimX, i.e. the dimension of the total space of the vector
bundle over Y is equal to the dimension of X.
Proof. By the functoriality of the MRC fibration (see Corollary 11), there is a
natural induced G-action on Z via birational automorphisms, moreover φ is a G-
equivariant dominant rational map with rationally connected fibres, therefore we
can apply the previous lemma. 
5. A Jordan type theorem on semilinear groups
In this section we prove a Jordan type theorem on semilinear groups.
Theorem 41. Let n and m be positive integers. There exists a constant J =
J(n,m) ∈ Z+, only depending on n and m, such that if
• k is a field of characteristic zero containing all roots of unity,
• G is a finite subgroup of the semilinear group ΓL(n, k) ∼= GL(n) ⋊ Aut k,
such that
• every subgroup of G can be generated by m elements,
• the image of the composite group homomorphism G →֒ ΓL(n, k) ։ Aut k,
denoted by Γ, is Abelian and fixes all roots of unity,
then there exists a subgroup H ≦ G with nilpotency class at most two and with
index at most J .
Before proving the theorem we recall a slightly strengthened version of Jordan’s
original theorem on linear groups.
Theorem 42. Let n be a positive integer. There exists a constant J = J(n) ∈ Z+,
only depending on n, such that if
• k is a field of characteristic zero,
• G is a finite subgroup of the general linear group GL(n, k),
then there exists a characteristic Abelian subgroup A ≦ G of index at most J .
Proof. By Jordan’s theorem on linear groups (Theorem 2.3 in [Br11]) we can find an
Abelian subgroup of bounded index. Than by Chermak-Delgado theory (Theorem
19) we can find a characteristic Abelian subgroup of bounded index. 
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Proof of Theorem 41. Fix n,m, k,G and Γ as in the theorem. Consider the short
exact sequence of groups given by
1→ N → G→ Γ→ 1
where N = GL(n, k) ∩G and Γ = Im(G → Aut k). By Theorem 42, N contains a
characteristic Abelian subgroup A of index bound by JN = JN (n) ∈ Z+. Since A
is characteristic in N and N is normal in G, A is a normal subgroup of G.
Consider the natural semilinear action of G on the vector space V = kn. Since A is a
finite Abelian subgroup of GL(V ) and the ground field k contains all roots of unity,
A decomposes V into common eigenspaces of its elements: V = V1 ⊕ V2 ⊕ ...⊕ Vr
(r ≦ n). As A is normal inG, G respects this decomposition, i.e. G acts on the set of
linear subspaces {V1, V2, ..., Vr} by permutations. The kernel of this group action,
denoted by G1, is a bounded index subgroup of G (indeed |G : G1| ≦ r! ≦ n!).
Furthermore, A is central in G1, i.e. A ≦ Z(G1). To see this, notice that on
an arbitrary fixed eigenspace Vi (1 ≦ i ≦ r) A acts by scalar matrices in such a
way that all scalars are drawn from the set of the roots of unity. Since G1 leaves
Vi invariant by definition and Im(G1 → Aut k) fixes all roots of unity, our claim
follows. After replacing G with the bounded index subgroup G1, we can assume
that A ≦ Z(G).
As A is a central subgroup of G, we can consider the quotient group G = G/A. We
only need to prove that G has a bounded index Abelian subgroup (Proposition 6).
Let N = N/A, and consider the short exact sequence of groups
1→ N → G→ Γ→ 1.
The number of elements of N is bounded by JN (n), by the definition of A, Γ is
Abelian, and every finite subgroup of G can be generated by m elements, by the
definition of G. Hence we can apply Lemma 26 to find a bounded index Abelian
subgroup in G, which finishes the proof. 
6. Proof of the Main Theorem
In this section, using the techniques developed in the previous sections, we prove
our main theorem.
Theorem 43. Let X be a smooth projective complex variety. Let the pair (Z, φ) be
the MRC fibration of X and e = dimX − dimZ be the relative dimension. There
exists a constant C = C(e, Z), only depending on e and the birational class of Z,
such that if
• G ≦ Bir(X) is a finite subgroup of the birational automorphism group,
then there exist
• a subgroup G0 ≦ G of index bounded by C, i.e. |G : G0| < C,
• an Abelian normal subgroup N0 EG0, such that
• G0/N0 is Abelian, furthermore there exist
• a smooth projective complex variety Y , such that
• G0 acts on Y via biregular automorphisms,
• N0 acts trivially on Y , i.e. the G0-action on Y descends to the Abelian
G0/N0-action, moreover, there exists
• a vector bundle EY → Y , on which G0 acts faithfully via vector bundle
automorphisms (in such a way that the G0-action is compatible with the
G0-action on Y ), and
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• dimEY = dimX, i.e. the dimension of the total space of the vector bundle
over Y is equal to the dimension of X.
Proof. Let G ≦ Bir(X) be an arbitrary finite subgroup of the birational automor-
phism group of the fixed complex varietyX . By Theorem 27, we can find a bounded
index subgroup G1 ≦ G and an Abelian normal subgroup N1 EG1 of the bounded
index subgroup, such that G1/N1 is Abelian and N1 acts trivially on Z. By apply-
ing Lemma 40 to the data consisting of the non-negative integer d = dimX , the
complex variety X and the finite groups G1 and N1 we can finish the proof. 
Corollary 44. Let X be a smooth projective complex variety. Let the pair (Z, φ)
be the MRC fibration of X and e = dimX−dimZ be the relative dimension. There
exist constants C = C(e, Z),m = m(e, Z), only depending on e and the birational
class of Z, such that if
• G ≦ Bir(X) is a finite subgroup of the birational automorphism group,
then there exist
• a subgroup G0 ≦ G of index bounded by C, i.e. |G : G0| < C, such that
• every subgroup of G0 can be generated by m elements, moreover there exist
• a function field k of characteristic zero containing all roots of unity,
• a non-negative integer n, such that n ≦ dimX, and
• an embedding of groups G0 →֒ ΓL(n, k) ∼= GL(n)⋊Aut k, such that
• the image of the composite group homomorphism G0 →֒ ΓL(n, k)։ Aut k,
denoted by Γ, is Abelian and fixes all roots of unity.
Proof. Fix the complex variety X , and let G ≦ Bir(X) be an arbitrary finite sub-
group of the birational automorphism group. By Theorem 23 the constantm exists.
We can apply Theorem 43 to X and G. From now on we use the notation of the
theorem. Denote the generic fibre of the vector bundle EY → Y by V . V is a
k(Y )-vector space of dimension at most dimX , and G0 acts on V faithfully via
semilinear automorphisms. Therefore G0 embeds into ΓL(V ) ∼= GL(V )⋊Aut k(Y ).
The group Γ = Im(G0 →֒ ΓL(V )։ Aut k(Y )) corresponds to the G0-action on Y .
Hence Γ is Abelian, as the G0-action on Y descends to the action of the Abelian
group G0/N0. Moreover Γ fixes the field of the complex numbers, in particular, it
acts trivially on the set of the roots of unity. This finishes the proof. 
Theorem 45. Let X be a smooth projective complex variety. Let the pair (Z, φ) be
the MRC fibration of X and e = dimX − dimZ be the relative dimension. There
exists a constant J = J(e, Z), only depending on e and the birational class of Z,
such that if
• G ≦ Bir(X) is a finite subgroup of the birational automorphism group,
then there exists
• a nilpotent subgroup G0 ≦ G of nilpotency class at most two and of index
at most J ,
Proof. By Corollary 44 we can embed a bounded index subgroup of G into a semi-
linear group. Than we can finish the proof by our theorem on semilinear groups
(Theorem 41). 
An immediate corollary is our main theorem.
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Proof of the Theorem 2. Let X be an arbitrary variety over a field of characteristic
zero. By Lemma 8 we can assume that X is a complex variety. We can also
assume that X is smooth and projective. Let (φ, Z) be the MRC fibration and
e = dimX−dimZ be the relative dimension. Apply Theorem 45 to X and observe
that the relative dimension e and the birational class of Z only depend on the
birational class of X . This finishes the proof. 
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